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using Newton's method and the resulting linear system for the
five unknowns, /,w,f,w, and s can be solved by the block-
elimination method discussed in Ref. 5.

Results and Discussion
Results are obtained for two separate flows consisting of a

zero pressure gradient and an adverse pressure gradient.
Calculations are done for three different linearization
schemes. The first one is the usual procedure in which the b
term in Eq. (12c) is assumed to be known from a previous
iteration, the second one is to neglect the variation of/^ in the
eddy-viscosity formulas (s = 0) and assume it to be known
from a previous iteration. In the latter case we have four
unknowns (f,u,v, and w), in contrast to the third linearization
scheme in which we have five unknowns (/,w,y,w, and 5), as
described in the previous section, and all the terms in the
equations are linearized fully by Newton's method.

Figure la shows the rate of convergence of the three
linearization schemes for the case of a zero pressure-gradient
flow. The calculations were started as laminar for a unit
Reynolds number of 106/ft at the leading edge of the plate;
the transition was specified very close to the leading edge and
approximately eight x stations were taken in the region
0<jc< 1. Between x= 1 and x= 10, two different Ax spacings
corresponding to Ax: = 0.25 and 1 were used. From the results
shown in Fig. la, we see the rate of convergence with the full
Newton (scheme 3, system with five unknowns) is quadratic in
all cases and that, with three iterations, the error term in the
wall shear parameter/^ is reduced from 10°, 10 ~3 to 10 ~6 .
The rate of convergence of the system with four unknowns
(scheme 2), on the other hand, is linear. Thus, with both
schemes one can specify a small tolerance error ( = 10~6) and
the corresponding results obtained. In contrast, the usual
linearization procedure (scheme 1-) produces oscillations,
restricts the tolerance error that can be specified, and will lead
to significantly large computer times if a small convergence
criterion is specified.

The computation times of the three linearization schemes,
if in each case the calculations are allowed to continue for,
say, eight iterations in a given x station, are 0.040, 0.043, and
0.050 min for schemes 1-3, respectively. The computer time
associated with scheme 3 is only 20% more than that of
scheme 1 because the added Eqs. (15) contribute little to the
general A matrix used in the block-elimination method.5 Of
course, the slight increase of computer time associated with
scheme 3 can be overcome easily by noting that scheme 3 takes
two iterations to achieve a tolerance error of 10 ~3 while
scheme 1 takes up to approximately six iterations. This gain
increases as the tolerance is decreased.

Figure Ib shows the rate of convergence of the three
linearization schemes for a flow with pressure gradient and
depicts the same results and conclusions indicated for the zero
pressure gradient flow. They show that the rate of con-
vergence is quadratic when Newton's method is applied in full
to the momentum equation, and very small values of con-
vergence criterion can be specified without oscillation. The
new linearization scheme should lead to substantial savings in
computer time in interactive calculations.
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Effect of Angle of Attack
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BOUNDARY-LAYER trailing-edge noise has been
identified as an important rotor broadband noise

mechanism in many cases, especially at high frequencies for
large rotors when inflow turbulence is weak.1 Previous
analyses of this noise mechanism used zero blade angle of
attack for input data. In practice, to produce desired
loadings, rotor blades are operated at various angles of at-
tack. This Note, which is a follow-up to an earlier paper by
Kim and George,2 examines the important effect of change of
blade's angle of attack on rotor trailing-edge noise.

Using the same model and assumptions, the general result
for the far-field sound pressure level radiated by the turbulent
boundary layer passing the rotor blades' trailing edges can be
directly adapted from Ref. 2 as
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where

b = blade span
B = number of blades
c0 = the undisturbed sound speed
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f = acoustic frequency, Hz
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Spp( \f-nQ\) =

= distance from rotor hub to observer

2ir\f-nti\d*
u

Uc - turbulence convection velocity
p = density of the acoustic media
0 = elevation angle of observer from the rotor

plane

As the blade's angle of attack and Mach number are
changed, the characteristics of the turbulent boundary layer
over the rotor change, resulting in a change of 6*, the
displacement thickness. Previous studies used the flat plate
boundary-layer theory to calculate <5* and used it as an input
to the analysis. However, as pointed out by Schlinker and
Amiet,3 the flat plate boundary-layer theory cannot predict <5*
except approximately for the zero lift case. They measured the
boundary-layer thickness for a NACA 0012 airfoil section of
0.41 m chord, as the Mach number ranged from 0.15 to 0.5
and the angle of attack changed from -0.4 to 12 deg.
Theoretically, both Reynolds number and Mach number
affect <5*. With increasing Reynolds number, 6* decreased
slowly with Re~1/5\ with increasing Mach number, the
compressibility effect tends to increase <5*. In fact, these two
effects essentially cancelled each other, thus explaining the
fact that their data showed a very weak variation with Mach
number or Reynolds number, which suggested a simple
correlation of <5* with a, the angle of attack alone. Note that
the data were measured for boundary-layer thickness 6, while
in Eq. (1) the surface pressure spectrum Spp was characterized
by the displacement thickness 6*. Thus, by using the well-
known one-seventh power law, <5 was transformed to <5*.
Then, a curve fitting technique led to the following empirical
expression:

<5*/c= (24.3+ 0.6625(2) X 10' (2a)

for a < 4 deg and

6*/c = (26.95 + 0.6625/3 + 0.304402+0.010405) x!0~4 (2b)

limited data available, no correlations are made to Reynolds
number and Mach number. This limits the application of the
preceding equations to Reynolds number between 9.5xl05

and5.2x!06.
Next we examine Spp, the incident surface pressure spectral

density. As can be seen in Eq. (1), the term that is still left
undetermined is S0 (d>) . Empirical expressions for S0 (w) can
be obtained from experiments. In this study, two sets of
experiments were used, one by Yu and Joshi4 and one by
Brooks and Hodgson.5 Their data seem to agree well, and
again curve fitting leads to the following expression:

(3a)

for o5<0.06, where <S = 2irfd*/U, and

S0(ti = 1.4216X 10-3w/(0.3261 + 4.18376 +22.818d>2

+ 0.0013o35 + 0.002865) (3b)

for 0.06 < £ < 20. Figure 2 shows the plot of S0 (w) vs co along
with the experimental data and the flat plate result.
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Fig. 2 Plots of S0(w)vs<5.

for a. > 4 deg, where 0 = a - 4 deg, and a. and /5 are in degrees.
This curve and the data are shown in Fig. 1. Due to very
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Fig. 3 Comparison of predictions for model rotor, experiment of
Paterson and Amiet,6 no grid, test VA-C-1.
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Fig. 4 Comparison of predictions with_Hubbard et al.'s experiment7

for MOD-2 wind turbine, A = 55 m, V w^= \ m/s, ground dis-
tance = 69m.
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Fig. 5 Effect of rotor pitch on trailing-edge noise, UH-1, 0= -27
deg.

Boundary-layer trailing-edge noise is not the only source of
rotor broadband noise. Other mechanisms such as inflow
turbulence and tip vortex separation also contribute
significantly to the noise radiation. Thus, to evaluate the
present analysis by comparing with existing experiments, one
must also include other possible sources. As discussed in Ref.
1, trailing-edge noise can be important for low inflow tur-
bulence levels or when considering a large rotor. The first
experiment for comparison is an indoor model rotor test
performed at the UTRC anechoic wind tunnel by Paterson
and Amiet.6 The case we picked corresponded to the no-grid
case which had the lowest inflow turbulence level. Figure 3
shows the comparison. Trailing-edge noise, in this case, does
not seem to be dominant in the frequency range of interest;
however, it is significant and when we add up all the con-
tributions, the result agrees very well with the experiment. The
second comparison is to the MOD-2 wind turbine generator
noise data of Hubbard and Shepherd.7 Figure 4 shows the

result; in this case, trailing-edge noise dominates for fre-
quencies higher than about 1000 Hz.

Figure 5 shows the effect of angle of attack on the trailing-
edge noise for a UH-1 helicopter. The result leads to a con-
clusion that the primary effect of angle of attack is in the low-
to mid-frequency range, where the noise level increases with
angle of attack. However, in the high-frequency range, the
change of noise level due to change of angle of attack is not
very significant. The comparison of predictions using the
present analysis to that using flat plate data only2 shows the
important effect of the angle of attack on rotor trailing-edge
noise.

Additional examples are given in Ref. 8.
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Introduction

THE simple Hartmann-Sprenger tube consists of a closed-
end tube that is excited by an underexpanded gas jet

facing its open end to produce violent, cyclic fluid oscillations
internally and externally. Although this phenomenon has
been known for some time, the heat generation capability of
this device has been exploited only relatively recently.1

Sprenger experimented to demonstrate that end-wall tern-
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